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Abstract
We study restrictions imposed on the parameters of the Kaluza-Klein
extra space supplied by the standard inflationary models. It is shown that
the size of the extra space cannot be larger than ∼ 10−27cm and the D-
dimensional Planck mass should be larger than ∼ 1013GeV. The validity
of these estimates is discussed.
We also study the creation of stable excitations of scalar field as the
result of the extra metric evolution.
1 Introduction
The inflationary period in the early Universe [1, 2] is the widely admitted
paradigm that has passed all observational tests. The inflationary period is
successful in explaining the spatial flatness, homogeneity, and isotropy of the
Universe as well as the temperature fluctuations of the Cosmic Microwave Back-
ground radiation and large-scale cosmic structures. In the following, we will rely
on this paradigm as a firmly established fact.
There are two main processes during inflation - quick space expansion and
growth of the field energy due to fluctuations. In simplest and most widespread
realization of the inflationary scenario, only one-dimensional parameter plays an
essential role - the Hubble parameter H. In the following, we assume the value
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of the Hubble parameter H ' 1013GeV which relates to the scale lh ∼ 10−27cm,
the size of the horizon at the inflationary stage.
If a compact space is involved into consideration, another dimensional pa-
rameter - an extra space size ld - appears. There is a lot of models describing the
extra dimensions with various metrics and topologies, for example [3, 4, 5, 6].
The extra space that which affects the parameters of our Universe can have a
complex structure consisting of subspaces with different properties. Some of
them could be well known compact subspaces of the Kauza-Klein (KK) type.
In this paper, we study this type of subspaces.
d-dimensional compact extra space is characterized by two main parameters
- the D-dim Planck mass mD and a scale ld of compact extra dimensions. Both
of them varies in range from the Planck scale to the scale ∼ 1TeV for mD and
to ∼ 10−18cm for ld depending on a specific model. The hope to find them at
the LHC collider is based on these numbers, see [7, 8]. At the same time, there
exists another collider created by Nature itself - the early Universe, or more
definitely its first stage of evolution - the inflation.
There are two opposite cases ld  H−1 and ld . H−1. The first case leads
to the energy storage ”inside” the extra space in the form of its fluctuations.
It will be shown here that this contradicts the observations. Therefore, if the
compact space does exist its size should be smaller than ' H−1I ' 10−27 cm.
This limit is much more strong as compared to those obtained from the LHC
collider. If the second case ld . H−1 holds, the KK metric excitations are too
massive be excited during the inflation.
In Sections 2 and 3 we assume that a ground state of the extra space is
described by a stationary metric. The metric variation is discussed in Section
4.
2 Inflation and limit on the size of extra space.
In this section, we discuss the influence of compact extra dimensions on the
properties of the inflationary stage. A particular model of inflation does not
matter. The facts which only will be used is that the 4-metric is almost the de
Sitter one and the Hubble parameter is almost a constant during the inflation.
These conditions are met for a wide set of models [9, 10]. It will be shown that
the size of the extra space must be smaller than the inverse Hubble scale during
inflation for not to contradict the inflationary features mentioned above.
Consider a D dimensional action
S =
mD−2D
2
∫
d4xddy
√
|g|
[
RD +
1
2
∂Aχg
AB∂Bχ− 1
2
µ2χ2 − 2ΛD
]
(1)
for a scalar field χ(x, y) which plays the role of the inflaton. mD is the D-
dimensional Planck mass. The metric is chosen in the form
ds2 = dt2 − a(t)3dl23 − l2ddΩ2d, ld = const, (2)
2
where ld is a radius of the maximally symmetric d-dim extra space. The choice
of such kind of metrics strongly facilitates the analysis and widely used in the
literature.
To proceed, let us reduce (1) to the 4-dim effective action. The standard
way is to expand the function χ(x, y) in term of the eigenfunctions Yq(y)
χ(t, x, y) =
∑
q
χq(x)Yq(y). (3)
where
dYq(y) = M2q Yq(y),
1
vd
∫
ddx
√
|gd|Yq(y)Y ∗p (y) = δqp. (4)
Integration out of the extra coordinates y leads to the action in the form
S =
∫
d4x
√−g4
[
M2P
2
R4 +
∑
q
(|∂µχq|2 − (M2q + µ2)|χq|2)
]
(5)
Here denotations are
M2P = vdm
d+2
D ; ΛD =
1
2
m2Dd(d− 1)l−2d ; Mq =
q
ld
; q = 0, 1, 2... (6)
where q enumerates the excited states. We will neglect in the following the bare
mass µ as compared to the Kaluza-Klein mass tower Mq for simplicity. The
more general case leads to the same conclusion. The effective potential looks as
follows
V =
∞∑
q=0
1
2
M2q χ
2
q(t). (7)
There are a great variety of models describing the first stage of our Universe
formation [9, 10]. One of the most known branches of them is based on the
chaotic inflation with the slowly moving scalar field(s). The latter is the reason
for the rapid, almost exponential space expansion while the horizon size remains
unchanged if measured in the physical coordinates. This means that the space
is divided into quickly growing number of disconnected areas. Each space vol-
ume is limited by its own horizon lh = H
−1. The value lh ' 10−27cm and
consequently H ' 1013GeV ' const are in agreement with observations [10].
It will be shown in this Section that the process of inflation described above
cannot be realized if the size of compact extra space ld is larger than the horizon
size. More definitely, we show that if
H ' const (8)
and
n =
ld
lh
= ldH  1 (9)
we come to a contradiction.
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According to the chaotic inflation [2] for the action (5), the fields evolve as
χq(t) = χq,ine
−M
2
q
3H t (10)
The KK tower contains light modes (Mq < H) and heavy modes (Mq > H).
The latter goes to the potential minimum before the inflation is started. The
light modes of the scalar field are active during inflation. The number of modes
is limited from below according to the inequality
Mq < H → q < ldH ≡ n (11)
The upper limit on the extra space size that has been reached at LHC is ld ∼
10−18cm. In this case, the number of active modes is n ∼ ldH ∼ 109. Therefore,
sum (7) contains 109 terms and may be approximated by the integral. For
further estimation, suppose that the initial field values do not depend on q:
χq,in ' χin (12)
It gives the following estimation of the potential in (7) by the integral
V =
∞∑
q=0
1
2
M2q χ
2
q(t) 'M21χ2in
∫ ∞
0
e−
2M21 q
2
3H tq2dq
=
1
4
χ2inM
2
1
(
3
2M21
)3/2(
H
t
)3/2
,
and we arrive to the equation for the Hubble parameter
H =
√
8pi
3M2Pl
V '
√
pi
M2Pl
χ2in
(
3
2M21
)1/2(
H
t
)3/2
(13)
Solving this algebraic equation for H we obtain
H ∼ t−3. (14)
Such time dependence of the Hubble parameter is unacceptable for the inflation-
ary period. Therefore, if inequality (9) is true the slow roll inflation is absent.
We come to the conclusion that the extra space size is bounded above,
ld ≤ 1/H ' 10−27cm. (15)
This is a strong limit for the extra space size. Nevertheless, this is not a firm no-
go theorem. There are some ways to escape the contradiction. One of them is
to change equality (12) which is natural but quite an uncertain estimation. For
example, we may choose initial conditions as χ1,in 6= 0, χq,in = 0 which are
realized with small probability. In this case, the standard inflationary scenario
may occur. There are also inflationary models that need not slow rolling [11, 12],
but they are not very common.
4
The inequality (15) allows to impose restrictions also on the D−dimensional
Planck mass. Indeed, according to (6)
M2P = vdm
d+2
D ' lddmd+2D < H−dmd+2D (16)
This leads to the limit in the form
mD >
(
H
MP
) d
d+2
MP . (17)
3 Inflation and limit on the
D−dimensional Planck mass
In this Section, we argue for a firm limit on the D−dimensional Planck mass
imposed by the inflationary period of the early Universe. The arguments are
quite general so that a specific model of the inflation and a structure of the extra
space do not matter. In particular, the extra space metric is not obligatory the
maximally symmetrical one. The only what we need is the stationarity of the
extra dimensions.
Consider the action
SD =
mD−2D
2
∫
dDx
(
RD − 2ΛD + ...
)
(18)
in D- dimensions, D = 4 + d. There are a variety of ways to make the extra
dimensions stable like complicated potential of scalar fields [13, 14, 15], the
gravity with higher derivatives [16, 17, 18, 19] and so on. In this paper we do
not discuss ways of the extra space stabilization.
At high energies, the metric gD of D-dim space VD is quite uncertain. On
the other hand, modern physical laws are assumed to be described by a specific
stationary metric. As the example, it could be the direct product V4 × Vd of
4-dim FRW space V4 and a d-dim compact space Vd. Therefore, the transition
VD → V4 × Vd should take place. This happens at the D-dimensional Planck
scale lq ≡ 1/mD where the quantum corrections still dominate. There is another
parameter that plays a significant role - the Hubble parameter, H. The latter
decreases with time from a value HI at the beginning of the inflation to the
almost zero value nowadays.
The size lh = 1/H of a causally connected area at the inflationary stage
is the classical value by definition. The classical description of the inflating
Universe gives promising results. On the other hand, if the quantum scale lq is
larger than the classical value lh, the latter has no physical sense. This means
that inequality
lq < lh → mD > H (19)
should take place. Knowledge of the Hubble parameter gives the lower limit for
the D-dim Planck mass,
mD > 10
13GeV (20)
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The conclusion is that any calculations of H under condition lq > lh (or mD <
H) cause serious question.
Nevertheless, let us suppose that mD ' H holds somewhere in the middle
of the inflationary stage, at the e-fold number N and we formally calculate
the horizon scale lh. It gives another interesting possibility. At this moment,
we have e3N independent causally connected area where the transition from
VD → V4 × Vd has happened. As was discussed in [20], the choice of those d
dimensions which should be compactified is random. Therefore, each causally
connected 4-dim volume is endowed by their own coordinate directions that
have been compactified. It leads to funnels production [20] that are observed
as point-like objects with the mass of the order of the Planck mass. Let us
estimate their number. It is known that e3N (N ' 60) causally disconnected
areas are formed to the end of the inflation. This means that the total mass
of the funnels in our Universe is huge that contradicts the observations and
confirms inequality (19).
One can conclude that the D-dimensional Planck mass mD is strongly lim-
ited from below. There are two lower limits - (17) and (19).
4 Violation of the internal charge conservation
during inflation
It is well known that any symmetries lead to a charge conservation and sym-
metries of extra spaces are no exception, see for example [21, 22, 23]. The
smallness of such charge density in the modern Universe is not very strange.
Indeed, suppose that the charge has been formed before the beginning of the
inflationary period when the present value of the horizon was very small, lhor '
H−1 ∼ 10−27cm. If the charge is conserved, it is quickly diluted in the course
of inflation.
In this Section, we consider the Kaluza-Klein extra space which has no sym-
metries during inflation and the associated charge is not conserved. Hence,
this charge can be generated at that period. In the post-inflationary period,
the final relaxation of the extra space metric leads to its symmetrization and,
consequently, to the conservation of the accumulated internal charge.
If several energy levels of the Kaluza-Klein tower can be excited during in-
flation, a step-wise character of observational spectra must be observed. This
could contradict observations. At the same time, if all energy levels except the
first one are too heavy, this first level could play an essential role in the infla-
tionary period. Due to the momentum conservation, the lowest KK-excitation is
survived if the scalar field is complex (see below). Following this logic, suppose
that extra space metric has the form:
ds2 = dt2 − a(t)2(dr2 + r2dΩ24)− r20e2β(t,θ,φ)dΩ22, (21)
where β(t, φ, θ) define the geometry of extra space. By assumption, such extra
space is symmetrized, β(t → ∞, θ, φ) → β0(θ), (and as a result, it gains a
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Killing vector) after inflation. Independence on the polar angle φ indicates the
presence of isometry along this coordinate (existence of Killing vector). It is
also assumed that time variation of the extra space metric β is small during the
inflation.
Let us consider 6-dimensional action (1) with a scalar field. The charge which
is associated with the Killing vector of the extra metric β0(θ) is expressed in
terms of the field χ as follows:
Q(t) =
m46
2
∫
d3xdy1dy2
√−gj0, (22)
j0 =
∂L
∂(∂0χ)
∂φχ+ c.c. = ∂
0χ∗ · ∂φχ+ c.c. (23)
Here y1 ≡ θ, y2 ≡ φ. The physical meaning of the charge (22) is the internal
angular momentum along φ coordinate.
Let us come back to reduced 4-dimensional action (5) that can describe the
chaotic inflation. The scale factor has the standard form during the slow roll
regime
a(t) = H−1eHt, (24)
where H is defined in the first equality of expression (13). Here we assume that
only the first KK-level is excited. The opposite case contradicts observations,
as was discussed in Section 2.
Substitution of expressions (23), (21), (24) into (22) gives:
Q(t) =
m46r
2
0H
−3
2
e+3Ht
∫
d3xdθdφ sin θe2β(t,θ,φ)
[
∂0χ∂φχ
∗ + c.c.
]
. (25)
Internal momentum Q(t) varies until the extra metric is distorted (and the
symmetry is broken). To the end of the inflationary period a charge ∆Q is
stored. It is assumed that the extra space acquires the U(1) symmetry to the
end of inflation and hence the charge is not varied further. Our goal is to
estimate the charge ∆Q, accumulated by the end of inflation. To perform this
plan we have to solve the equations of motion:
6χ+ µ2χ = 0, 6χ∗ + µ2χ∗ = 0 = 0. (26)
We suppose that β(t, y) ≈ β(y) is almost independent of time during in-
flation. Following the standard procedure, we decompose the field χ in the
following manner (the coordinates and 3-momentum k are dimensionless)
χ(t, x, y) =
∑
q
χq(t, x)Yq(y), (27)
χq(t, x) =
∫
d3k
(2pi)3
ei
~k~xfq(k, t),
where the eigenfunctions are defined in (4). The masses of the KK-states are
denoted as Mq = λq/r0, q = 0, 1, 2... . The extra space is not maximally
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symmetric and the eigenvalues λq can be found numerically if the metric function
β(y) is known. Equation (26) acquires the form
∂2t fq + 3H∂tfq +
(
H2k2
e2Ht
+ µ2 +M2q
)
fq = 0. (28)
after substitution the series (27). Equation (28) is known to be complicated
[24]. We will use the solution of the massless equation [2]
f˜(k, t) =
1√
2k3
(i+ ke−Ht)eike
−Ht
(29)
to simplify the analysis. Let us represent the solution as fq = Cq(k, t)f˜(k, t)
where the function Cq(k, t) is a solution to equation
∂2tCq + 2∂tCq
∂tf˜
f˜
+ 3H∂tCq + (µ
2 +M2q )Cq = 0. (30)
Second term is proportional to ∂tf˜/f˜ ∼ e−Ht and may be neglected after a
couple of e-folds. The friction is huge during the inflation so that Cq varies
slowly with time and we may neglect ∂2t in the spirit of slow motion. As the
result, (30) is reduced to the equation
3H∂tCq + (µ
2 +M2q )Cq ' 0. (31)
The solution to (31) is well known that leads to the solution of equation (28)
in the form
fq(k, t) = Aq f˜(k, t) exp
{
−µ
2 +M2q
3H
t
}
, (32)
where Aq is the initial amplitude of each mode Yq(y).
Let us estimate the charge. As mentioned above, we consider only the first
excitation level. Substituting solutions (29),(32) into (25) and discarding small
terms, we get:
Q(t) =
∫
d3k
(2pi)3
Qk(t), (33)
Qk(t) =
λ21m
4
6H
−4|A1|2
12k3
exp
{
3Ht− 2λ
2
1t
3Hr20
}
I[β] +O(eHt)
I[β] =
∫
dθdφ sin θe2β(θ,φ) [Y1∂φY
∗
1 + c.c.] .
The dimensionless integral I[β] can be estimated as I[β] . 1/pi (∂φY1 ∼ 1/pi
because the mode Y1 has the longest wavelength ∼ 2pi, and the remaining part
of the integral I[β] is normalized by condition (4)). Numerical simulation of
the functional I[β] is represented in Fig.1. The specific form of the function
β(θ, φ) depends on the metric fluctuations before the inflationary stage and is
quite arbitrary.
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Figure 1: The value of the integral I[β]. There is a big outrage in the choice
of β(θ, φ). Here we have chosen one of the many possible functions β(θ, φ) =
(0.4 sin(φ) + 0.7 sin(3φ+ δφ)) sin2(θ) just for the integral estimation.
Limits of integration into (33) are standard for inflationary stage (from
He−Ht to H) [2]. So we obtain the total charge (total internal angular mo-
mentum) stored by the field χ:
Q(t) =
λ21m
4
6|A|2I[β]Nt
24pi2H4
exp
{
3Nt − 2λ
2
1Nt
3H2r20
}
, (34)
where Nt = Ht is the total number of e-folds of the inflationary stage.
The internal angular momentum of a single first-level Kaluza-Klein excita-
tion ≈ λ1. It’s mass M1 = λ1/r0. Therefore the total mass of the first-level
KK-particles according to (34):
mKK =
λ21M
2
P |A|2I[β]Ninf
96pi3H4r30
exp
{
3Ninf − 2λ
2
1Ninf
3H2r20
}
, (35)
where Ninf is the total duration of inflation in terms of e-folds. Here we also
use the connection: M2P = 4pir
2
0m
4
6 (6).
The first KK-excitation is protected from decay by conservation of the in-
ternal charge. Because of this, it is considered as a particle of dark matter in
many models [25, 26]. In our case, the generation of such particles occurs during
inflation by breaking the internal symmetry, which prevents them from decay.
Let us estimate the total mass of KK particles assuming that λ21 = 1,
I[β] = 1/pi (similar values were also obtained by numerical simulation of I[β]).
During inflation, the characteristic scale of the dimensionless field amplitude
A ∼ H/MP . The ratio η = Hr0 strongly affects the numerical value of (35). As
discussed earlier, the case H  1/r0 may lead to contradictions, but H & 1/r0
is necessary to excite the first KK-level. We choose η ∈ [1, 2] to excite only the
first KK-level. The Hubble parameter H may be different depending on the
inflationary model, so we vary it in a wide range. According to all the above
and expression (35), the total mass of KK particles is presented in Fig.2.
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Figure 2: The total mass (in GeV) of KK-particles in the Universe depending
on H and η = Hr0. For comparison, the red line shows the total mass of dark
matter in observable Universe (∼ 1079 GeV) for Ninf = 55 and 60 e-folds.
As can be seen, the total mass of KK-particles can vary by many orders
of magnitude depending on the model parameters. However, a too large total
mass may contradict observations. The parameter space above the red line in
Fig.2 is forbidden by the observations.
5 Conclusion
In this paper, we discuss limits on the extra space size. Modern limits im-
posed by the collider experiments on the size of extra space dimensions is
ld < 10
−18cm. The D-dimensional Planck mass is limited from below by the
value ∼ 104 GeV. As we have shown, the inflationary period gives much more
serious boundaries - 10−27cm and 1013GeV correspondingly. The estimation of
the compact extra space size remains the same even if this subspace has no any
symmetries.
Particular interest is the case when the size of extra dimensions is of the order
of the horizon size, ld ∼ H−1. In this case, the mass of the first KK-excitation
of the order of the Hubble parameter. Hence, any fields like the Higgs field,
the inflaton field and so on can be excited during the inflationary state. These
excitations are stored during inflation and can be observed nowadays.
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